γ spectra for positron annihilation in noble-gas atoms are calculated using many-body theory for positron momenta up to the positronium-formation threshold. This data is used, together with time-evolving positronmomentum distributions determined in [arXiv:1706[arXiv: .01434v1 (2017], to calculate the time-varying γ spectra produced during positron cooling in noble gases. The γ-spectra and theirS andW shape parameters are shown to be sensitive probes of the time evolution of the positron momentum distribution, and thus provide a means of studying positron cooling that is complementary to positron lifetime spectroscopy. Low-energy positrons annihilate with atomic electrons forming two γ rays whose Doppler-broadened energy spectra are characteristic of the electron state involved, e.g., annihilation on tightly-bound core electrons contributes to the highDoppler-shift wings of the spectrum [1] . This gives positrons important use in e.g., non-destructive high-sensitivity studies of surfaces, defects and porosity of industrially important materials [2] [3] [4] [5] . Importantly, however, the γ spectra are also characteristic of the positron momentum at the instant of annihilation: increased positron momentum results in an increased annihilating-pair momentum, leading to larger γ-ray Doppler shifts. Measurement of the time-varying γ spectra, or so called AMOC ('Age MOmentum Correlation') spectra [6-10]), in which both the positron 'age' (i.e., lifetime from source to annihilation) and γ spectra are measured in coincidence, can thus enable the study of positron and positronium cooling in atomic gases (see e.g., [11, 12] ). Understanding the dynamics of positron cooling in gases is critical for the accurate interpretation of experiments, and for the development of efficient positron cooling in traps and accumulators [13] , and a cryogenically cooled, ultra-high-energy-resolution, trap-based positron beam [14, 15] .
Low-energy positrons annihilate with atomic electrons forming two γ rays whose Doppler-broadened energy spectra are characteristic of the electron state involved, e.g., annihilation on tightly-bound core electrons contributes to the highDoppler-shift wings of the spectrum [1] . This gives positrons important use in e.g., non-destructive high-sensitivity studies of surfaces, defects and porosity of industrially important materials [2] [3] [4] [5] . Importantly, however, the γ spectra are also characteristic of the positron momentum at the instant of annihilation: increased positron momentum results in an increased annihilating-pair momentum, leading to larger γ-ray Doppler shifts. Measurement of the time-varying γ spectra, or so called AMOC ('Age MOmentum Correlation') spectra [6] [7] [8] [9] [10] ), in which both the positron 'age' (i.e., lifetime from source to annihilation) and γ spectra are measured in coincidence, can thus enable the study of positron and positronium cooling in atomic gases (see e.g., [11, 12] ). Understanding the dynamics of positron cooling in gases is critical for the accurate interpretation of experiments, and for the development of efficient positron cooling in traps and accumulators [13] , and a cryogenically cooled, ultra-high-energy-resolution, trap-based positron beam [14, 15] .
Positron cooling in atomic gases has traditionally been probed by positron annihilation lifetime spectroscopy (PALS) (see [16, 17] for reviews), which involves measurement of the spectrum of positron lifetimes. The dynamics of positron cooling in noble gases was recently elucidated in [18] , where Monte-Carlo (MC) simulations based on accurate scattering and annihilation cross sections calculated using manybody theory (MBT) were used to determine the time-evolving positron momentum distribution and normalized annihilation rateZ eff (t). That work found that a strikingly small fraction of initial positrons survive to thermalization, affecting the measured positron annihilation rate, and explaining the discrepancy between trap-based and gas-cell measurements in Xe. Overall, good agreement was found with the long-standing PALS measurements for all the atoms except Ne, for which the calculated cooling time was found to be drastically longer than the measured value. It was proffered that the discrepancy was due to an incorrect analysis of the experimental data and/or the presence of impurities. New experiments are called for to further test the theoretical results. Verifying the accuracy of the calculations is important to ensure that the complicated positron-atom many-body system is well understood.
In this letter we use MBT to investigate the dependence of the positron annihilation γ spectra for the noble-gas atoms on the positron momentum, up to the positronium (Ps) formation threshold, and demonstrate that the time-varying γ spectra provide a sensitive probe of positron cooling in noble gases that is complementary to PALS. The MBT takes full account of positron-atom and positron-electron correlations, including virtual-positronium formation [1, [19] [20] [21] . Specifically, we extend the calculations of [1] , where γ spectra for thermal positron annihilation in individual core and valence subshells of the noble gases were calculated using MBT. It provided an accurate description of the measured spectra for Ar, Kr and Xe and firmly established the relative contributions of various atomic orbitals to the spectra. Using the spectra calculated at all positron momenta, together with the time-evolving positron-momentum distributions calculated using MBT based MC simulations in [18] , we calculate the γ spectra produced during positron cooling. We analyze the dynamics of the theS andW shape parameters, which characterize the low and high (two-γ) momentum parts of the spectra, during the process of positron thermalization. The present results provide benchmarks to which positron-cooling experiments can compare.
Many-body theory calculations of annihilation γ spectra.-In the dominant process, a positron of momentum k and energy ε = k 2 /2 annihilates with an electron in state n to form two γ-ray photons of total momentum P [22] . In the center-ofmass frame the two γ rays have equal energies mc 2 = 511 keV (neglecting the initial positron and electron energies). In the laboratory frame the photon energies are Doppler shifted by ≤ Pc/2, and their spectrum is [1, 23] 
where A nε (P) is the annihilation amplitude. It is calculated via a diagrammatic expansion [see Fig. (1) of [1] ], including the zeroth-order vertex, and the first-and higher-order ("Γ-block") corrections, which account for the attractive electron-positron interaction at short range [1, 23, 24] . The total spectrum is given by the sum over the holes w k ( ) = n w nk ( ). Its integral gives the effective annihilation rate 23, 25, 26] To illustrate the momentum dependence of the shape of the γ spectra, Fig. 1 shows the MBT calculated γ spectra for argon, for k = 0.04-0.6 a.u., normalized to unity at zero energy shift. The calculations included s, p and d-wave incident positrons (higher partial waves contribute negligibly) [27] annihilating on the valence ns and np, and subvalence (n − 1)s, (n − 1)p, and (n − 1)d subshells, e.g., in Ar: the 3s and 3p valence, and 2s and 2p subshells. In general, at a given positron momentum the spectra are characteristic of the electron orbitals involved e.g., annihilation with core electrons produces a broader component than that with valence electrons, contributing to the distinct shoulders in the spectrum [1] . The figure shows that the γ spectrum is significantly broadened for higher positron momenta (see also Fig. 20 of [28] ). Increasing the positron momentum leads to increased momenta of the annihilating electron-positron pair, and allows the positron to penetrate deeper into the atomic core, ultimately resulting in larger Doppler shifts. The exact shape of the spectra is somewhat complicated. The broadening of both the core and valence contributions with the positron momentum is accompanied by the increasing relative importance of p and d wave contributions as k increases, whose spectra are typically narrower than the s-wave one [24] , [29] . Figure 2 shows the absolute MBT calculated γ-spectra for Ar, Kr and Xe [30] . The increase in magnitude of the spectra as k → 0 accords with the rise of the effective annihilation rate Z eff (k) (see Fig. 2 in [18] ). This effect is due to the existence of positron-atom virtual levels [31] , signified by large scattering lengths for Ar, Kr and Xe (see Table I in [21] ).
The momentum dependence of the spectra can be characterized through the dimensionless parameters
where W and S are constants. W parameterizes the high (two-γ) momentum 'wing' part of the spectrum, which originates from annihilation with core electrons and with valence electrons when they have larger momenta at smaller, core radii. S parametrizes the low two-γ-momentum region of the spectrum, which originates predominantly from annihilation on valence electrons. Figure 3 hilation on core electrons P core = Z core eff /Z eff , where Z core eff is the annihilation rate on the core subshells, is found to increase from Ne to Xe, and decrease with positron momentum [24] . Thus the momentum dependence of W(k) is dominated by the contribution of the positron momentum itself, rather than the change in the relative core annihilation probability.
Positron cooling probed via time-varing γ spectra.-The time-varying γ spectrum produced by positrons cooling in gases isw
where τ is the time (typically quoted in ns) scaled by the number density of the gas (in amagat): τ = nt, and f (k, τ) is the positron momentumspace distribution. It is normalized as ∫ f (k, τ)dk = F(τ), the fraction of initial positrons remaining. The momentum distributions f (k, τ) for positron cooling in noble gases were calculated recently in [18] via MC simulations based on the accurate MBT cross sections. There it was shown that, for all the noble gases, positrons rapidly bunch around the minimum in the coefficient B(k) = kσ t k B T m/M, where σ t is the momentum-transfer cross section (see Fig. 1 of [18] ), where the cooling rate slows, making the overall cooling times somewhat insensitive to the exact form of the initial distribution. After bunching in the minima, the positrons cool further slowly, before evolving towards the Maxwell-Boltzmann distribution. The characteristic trajectory followed by the positrons in (k, τ) space, along with the dependence of the γ spectra on the positron momentum, leads to a characteristic AMOC spectrum i.e., the number of γ raysÑ γ (per unit positron) detected per unit time and Doppler-shifted energy. It can be measured in experiments [6] [7] [8] [9] [10] 12] and calculated as
Integrating over the Doppler-shifted energy gives the lifetime spectrum (normalized to one positron) [33] that is traditionally measured in PALS [16, 17] . An example AMOC spectrum is shown in Fig. 4 for Ar (c.f. Fig. (3) in [18] ), calculated using the detector-convolved spectra for for positrons initially distributed uniformly in energy up to the Ps-formation threshold. The overall decrease in the magnitude of the spectra in time is due to the reduction in the number of positrons surviving F(τ) (see Fig. 4 in [18] ) dominating over the increase in w k as k → 0. The flattening of the 'ridge' at τ 200 ns amg occurs as the positrons are 'trapped' around the momentum-transfer cross section minima and cool slowly through it. Beyond τ ∼ 200-300 ns amg epithermal annihilation occurs at momenta below the momentum-transfer cross-section minimum. Integrating over , this 'knee' in the spectrum becomes the characteristic shoulder region observed in the lifetime spectrum [34] [35] [36] . It is known to be relatively insensitive to the initial positron momentum distribution [16, 37] . At later time-densities (τ > 400 ns amg) the AMOC spectrum is proportional to F(τ)w ∞ , where
is the final quasi-steadystate positron-momentum distribution [38] .
From the AMOC spectrum, the time-varying γ-spectra Figure 5 shows the calculatedS(τ) compared with experiment [12] (obtained using S = 0.5 keV). Although the theoretical value is systematically lower than the measured one, the time dependence is in near perfect agreement. This is made evident by scaling the theoretical result asS sc = 1.43S − 0.13. Such scaling can account for effects in background subtraction in the experiment: e.g., calculatingS(τ) by first subtracting 0.1 (ns amg keV) −1 from the spectrum produces excellent agreement with experiment (green dashed-dotted line). In PALS, a common measure of the cooling time is the 'shoulder length' τ s , defined viaZ eff (τ s ) =Z eff − 0.1∆Z, whereZ eff is the final steady-state effective annihilation rate and ∆Z ≡Z eff −Z min , . Also marked are the calculated [18] and measured [39] shoulder lengths (vertical dot-dashed and dashed lines), and calculated complete thermalization time (solid vertical line) [18] .
whereZ min is the minimum ofZ eff (τ) [16, 17, 41 ]. An alternative measure is the 'complete thermalization time', defined as the time-density at which the root-mean-square momentum of the positron distribution is within 1% of the thermal value k th ∼ 0.0526 for a room-temperature gas (of temperature T = 293 K). The figure shows thatS reaches its steady state value close to the shoulder time, impressively demonstrating how the spectra can be used to probe positron cooling times. Figure 6 showsW(τ) andS(τ) (obtained with W = 2.0 and S = 1.0 keV) calculated using the detector-convolved spectra excluding and including depletion of the positron distribution due to annihilation, for positrons initially distributed either uniformly in energy or with energy equal to the Ps-formation threshold [42] . Also marked are the experimental shoulder lengths τ s [39, 40] , and calculated τ s and complete thermalization times from [18] . In general, as the positrons cool, the annihilation spectrum becomes narrower, so theS parameter increases and theW parameter decreases with time, before reaching a steady-state value at thermalization. For lighter atoms (He and Ne) the initial positron energy distribution (i.e., uniform vs monoenergetic) does not play much role. Also, for these atoms the annihilation rate remains much smaller than the cooling rates at all times. As a result, depletion of positrons during the cooling process does not affect the time dependence of the γ spectra. For Ne, the fraction of positrons that survive beyond τ ∼ 8000 ns amg is practically zero (leading to poor statistics), owing to positrons becoming 'trapped' in the deep momentum-transfer minimum, where cooling is slow [18] . Given the insensitivity to the initial distribution, accurate measurements ofW andS could confirm the theoretical predictions. In contrast, for Ar, Kr and Xe, the initial positron distribution has a sizeable effect on the time evolution of the spectra. The more physical uniform-energy distribution leads to fast evolution ofS andW at earlier times towards the final 'thermalized' values. For these atoms, the information provided by AMOC measurements, combined with theoretical studies, could enable determination of the form of the initial distributions, about which little is currently known. On the other hand, the effect of positron depletion slows down the time evolution ofS andW, which is particularly noticeable in Xe. In this system the positron annihilation rate competes strongly with the positron cooling. Due to the strong peaking of Z eff (k) at small k, annihilation effectively removes the slowest positrons, impeding thermalization [and in fact, leading to a non-Maxwell-Boltzmann asymptotic momentum distribution f ∞ (k)] [18] .
Summary.-Many-body theory based calculations of timevarying γ spectra for positron annihilation on noble gases have been presented. The benchmark results demonstrate that the spectra provide a sensitive probe of positron cooling, which is complementary to positron lifetime spectroscopy.
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